We study the optimal control question for an important mechanical problem related to tree trunk diameter variation in tropical forest ecology where some data are missing. Within a cost function, the control problem is formulated with a mechanical model that requires boundary conditions to solve all equations. We give a characterization of the optimal measurement function for the tree trunk problem.
Introduction
Tropical forest represents an important natural planetary carbon storage, and so reduces the global warming. This forest is a home to dense species of wood, pioneers in the capture of large amounts of carbon for a long time. This carbon capture is happening during the photosynthesis in which trees, through their leaves and trunks, exchange gas with the atmosphere. The carbon quantities are important during the trees growing and become smaller when the tree rises its maturation. Moreover, a bigger part of a mature tropical forest acre, is constituted of trunks. They represent an interesting renewable resource used in construction and as a biomass energy. In order to appreciate the captured carbon quantities and to contribute to a forest management, quantifying the forest growth through the dimensional variation of tree trunk diameter is very important.
For a mechanical analysis of a dimensional variation of a tree trunk, the complete model must include all the equations of the mechanics, especially equilibrium equations, constitutive law, and boundary conditions (where we generally find incomplete data). Under the internal and external actions considered in this paper, hydrostatic pressure principally, and an hypothetic regular cylindrical structure, the displacement, strain and stress fields generated are only radial dependent. In addition, no shear stresses and no shear strains occurs in the tree trunk. All these considerations simplify the mechanical equations.
The problem consists in computing the state of equilibrium of cylindrical structure composed of different layers of orthotropic material, and subjected to an internal stress representing the water pressure in the inner bark and the sapwood. Boundary conditions are external constraints at the outer and the inner borders. For this problem, missing data are in the inner border. For predicting tree diameter variations, an analytical analysis based on a mechanical model by Alméras [2] and by Alméras and Gril [3] is performed. The model requires sufficient experimental data. This concerns a great number of hollow species where some data are missing as the only known experimental data are given on the trees periphery, and no data inside. To overcome this difficulty, an optimal control problem is associated with the mechanical model. The paper is organized as follows. In section 2 we explain the mechanical model and give the mathematical system considered for the control problem. We then introduce the optimal control analysis in section 3. In the last section, we give the characterization of the optimal control.
The mechanical coaxial-cylindrical model
For a complete description of the mechanical equations related to wood, we refer to [6] and [8] . Let us consider an adequate cylindrical system (R, T, L), where R, T and L are radial, tangential and longitudinal directions respectively.
A transverse section of tree trunk is composed of different layers (see Figure  1 ). Due to the tree trunk geometry and to its constituent layers, it can be idealized as a coaxial multi-layer cylindrical structure in Figure 2 , having a different material proprieties (see Aimène et al. [1] and Guitard [5] ).
At a given radial position r, the induced displacement vector and associated strains and stresses are respectively represented by the following vectors: 
u R and ε R being the radial displacement and strain and ε R and ε T the tangential ones.
Wood is commonly modelled as an orthotropic linear elastic material [5] . In our case, the constitutive law is restricted to this relation:
C is the behaviour tensor and β is the initially induced stresses vector, related to hydrostatic pressure in the sapwood and inner bark. It is given by
Equilibrium equations are restricted to the following equation:
Finally, the equilibrium equation can be expressed in displacement term by combining behaviour law (3), strains expressions (2) together with the equilibrium equation (5) . It is given by
where
The general solution of equation (6) can be explicitly calculated and is given by:
where A and B are real constants. The strain field can then directly be derived from equation (2) and the associated stress field from the constitutive law (3).
Remark 1
The real numbers A and B are integration constants determined using the boundary conditions of the problem. It is here where we find incomplete data.
The optimal control
In some tropical wood species, the tree inners is hollow and the only available experimental data are in external border; here the initial data is unknown.
More precisely, the model describes the trunk daily variation under a water flow through the trees inner bark and the sapwood, and an optimal control function for the trunk diameter measurement in presence of incomplete data is used.
Back to the problem (6). We consider the radial set in the half space [r 0 , r 1 ] where 0 < r 0 < r 1 < ∞. We then complete by the initial data as follows:
where g is unknown and where v = v(r) is the control function. We here suppose that the displacement u R in the external radial bound r 1 in null as in [3] . The solution to (8) has the form (7). The question that we address is the following: Even if the constants A and B are unknown, can we make u R (r) as close as possible to some nominative u R given by experiments (or observation), along the interval [r 0 , r 1 ]?
We denote by u R = u R (r; v, g) := u R (v, g), the displacement function. We want to choose a control v such that |u R − u R | = min. One method is the optimal control method. We define the cost function:
Adapted functional spaces
The above cost function can be justified by the following: The gradient du R /dr must exist, moreover u R has to be bounded. This, with (7) we can suppose that:
The perturbation g ∈ R which is an R-vectoriel space. The constants u R and the reals g are clearly in L 2 (]r 0 , r 1 [).
The optimal control problem
We refer to Lions [7] (see also Dorville et al. [4] ) to see that the problem:
is impossible, since g ∈ R is an infinite set. One idea is then to consider the no-regret control problem:
which selects controls v better that v = 0 (better than no control on the problem) for any perturbation g ∈ R.
Remark 2 We notice that we have
We immediatly deduce that
We should evaluate the integral
We introduce the adjoint linear function ξ = ξ(r; v, 0) :
then we have the following Lemma:
Lemma 3 Using the adjoint problem (16) we obtain:
Proof -In the (15) we set
Then we multiply this equatlity by u g R := u R (0, g) − u R (0, 0) and we integrate by parts as the following:
Now we use the boundary conditions of systems (8) and (16), and we obtain immediatly (19).
4 Characterization: the low-regret control
As in [4] , for any γ > 0, we introduce the low-regret control solution to the following perturbed system :
We obtain the classical control problem :
and where ξ is defined by (16). The problem (21) admits a unique solution v = u γ . Then the necessary condition of first order of Euler on
We have the following proposition.
Proposition 4
The low-regret control u γ solution to (21)- (22), is characterized by the unique {u
with the adjoint state:
and with the notations A = r d 
